
    

FIFTY-NINTHANNUAL
WILLIAMLOWELLPUTNAMMATHEMATICALCOMPETITION

Saturday,December5,1998ExaminationA

A1.Arightcircularconehasbaseofradius1andheight3.Acubeisinscribedin
theconesothatonefaceofthecubeiscontainedinthebaseofthecone.Whatisthe
side-lengthofthecube?

A2.Letsbeanyarcoftheunitcirclelyingentirelyinthefirstquadrant.LetAbethe
areaoftheregionlyingbelowsandabovethex-axisandletBbetheareaoftheregion
lyingtotherightofthey-axisandtotheleftofs.ProvethatA+Bdependsonlyonthe
arclength,andnotoftheposition,ofs.

A3.Letfbearealfunctiononthereallinewithcontinuousthirdderivative.Provethat
thereexistsapointasuchthat

f(a)·f′(a)·f′′(a)·f′′′(a)≥0.

A4.LetA1=0andA2=1.Forn≥2,thenumberAnisdefinedbyconcatenatingthe
decimalexpansionsofAn−1andAn−2fromlefttoright.ForexampleA3=A2A1=10,
a4=A3A2=101,A5=A4A3=10110,andsoforth.Determineallnsuchthat11divides
An.

A5.LetFbeafinitecollectionofopendiscsinR
2

whoseunioncontainsasetE⊆R
2
.

ShowthatthereisapairwisedisjointsubcollectionD1,...,DninFsuchthat

∪
n
j=13Dj⊇E.

Here,ifDisthediscofradiusrandcenterP,then3Disthediscofradius3randcenter
P.

A6.LetA,B,CdenotedistinctpointswithintegercoordinatesinR
2
.Provethatif

(|AB|+|BC|)2
<8·[ABC]+1

thenA,B,Carethreeverticesofasquare.Here|XY|isthelengthofsegmentXYand
[ABC]istheareaoftriangleABC.



FIFTY-NINTHANNUAL
WILLIAMLOWELLPUTNAMMATHEMATICALCOMPETITION

Saturday,December5,1998ExaminationB

B1.Findtheminimumvalueof

(x+1/x)
6
−(x

6
+1/x

6
)−2

(x+1/x)3+(x3+1/x3)

forx>0.

B2.Givenapoint(a,b)with0<b<a,determinetheminimumperimeterofatriangle
withonevertexat(a,b),oneonthex-axis,andoneontheliney=x.Youmayassume
thatatriangleofminimumperimeterexists.

B3.LetHbetheunithemisphere{(x,y,z):x
2
+y

2
+z

2
=1,z≥0},Ctheunitecircle

{(x,y,0:x
2

+y
2

=1},andParegularpentagoninscribedinC.Determinethesurface
areaofthatportionofHlyingovertheplanarregioninsideP,andwriteyouranswerin
theformAsinα+Bcosβ,whereA,B,α,βarerealnumbers.

B4.Findnecessaryandsufficientconditionsonpositiveintegersmandnsothat

mn−1 ∑
i=0

(−1)bi/mc+bi/nc=0.

B5.LetNbethepositiveintegerwith1998digits,allofthem1;thtis,

N=1111···11.

Findthethousandthdigitafterthedecimalpointof
√

N.

B6.Provethat,foranyintegersa,b,c,thereexistsapositiveintegernsuchthat √
n3+an2+bn+cisnotaninteger.


